In [11] , Lenstra defined the notion of Euclidean ideal class. Using a slight modification of an algorithm described in [12], we give new examples of number fields with norm-Euclidean ideal classes. Extending the results of Cioffari ([5]), we also establish the complete list of pure cubic number fields which admit a norm-Euclidean ideal class.
Introduction
The classical notion of norm-Euclidean number field has been deeply studied, in particular from the second half of the 19th century. Let us recall that a number field K, whose ring of integers is denoted by Z K and norm by N K/Q is said to be norm-Euclidean if and only if ∀(a, b) ∈ Z K × Z K \ {0}, ∃(q, r) ∈ Z 2 K , a = bq + r and N K/Q (r) < N K/Q (b) , or equivalently, ∀x ∈ K, ∃u ∈ Z K , N K/Q (x − u) < 1.
In the 1970s, Hendrik W. Lenstra generalized this notion while studying ideals 0 I ⊆ Z K verifying ∀(a, b) ∈ Z K × Z K \ {0}, ∃(q, r) ∈ I × Z K , a = bq + r and N K/Q (r) < NI · N K/Q (b) , or equivalently, ∀x ∈ K, ∃u ∈ I, N K/Q (x − u) < NI, (2) where N is the norm of ideals:
Obviously, if K is principal, condition (2) holds if and only if for every integral ideal I = {0}, condition (1) holds. However, there exist some non-principal number fields K admitting integral ideals I such that (1) holds. Nevertheless, such examples are quite scarce in the literature, and our main purpose will be to present new ones.
IMB, Université Bordeaux 1 351 Cours de la Libération 33405 Talence France, e-mail: pierre.lezowski@math.u-bordeaux1.fr First, we will recall the definitions and main properties of norm-Euclidean ideal classes. Then, by analogy with the principal case, we will introduce a notion of Euclidean minimum, whose properties will allow us to write an algorithm (Algorithm 3.7) to prove the existence of a norm-Euclidean ideal class. Afterwards, we will list present examples of imaginary cubic fields with a norm-Euclidean ideal class and study the family of pure cubic number fields to obtain the following result. Then, we will deal with examples in other signatures and using Algorithm 3.7, we will obtain the following examples.
Theorem 5.1. We can list quintic and sextic number fields admitting a non-principal normEuclidean class. Besides, there exists a (quartic) number field whose class number is equal to 4 and which admits a norm-Euclidean ideal class.
On the other hand, we will show that the number field presented by Graves in [9] admits no norm-Euclidean ideal class. • Using again the multiplicativity of the norm, we see that I is a norm-Euclidean ideal if and only if for any x ∈ K, there exists some z ∈ I such that N K/Q (x − z) < NI.
As the notion of norm-Euclidean ideal depends only on the ideal class, it is particularly interesting in the case where K is not principal. Definition 2.7. We call Euclidean minimum with respect to J the nonnegative real number Proof. This is a simple consequence of the fact that K admits at most one norm-Euclidean ideal class, and that this class may only be the class of any ideal of minimal norm. •
of norm 3.
•
for I = 2Z K of norm 4.
• If m ≡ 3 (mod 24) and
In particular, K has a norm-Euclidean class if and only if m ∈ {1, 2, 3, 5, 7, 11, 15}. This result was already stated in [11] . An extension to a more general case was provided by [10] .
Inhomogeneous minimum
As in the classical case, we will study M (K, [I]) in a geometric setting.
We denote by (σ i ) 1 i n the embeddings of K into C. We suppose that the r 1 first ones are real and that for any r 1 < i r 1 + r 2 ,
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We define Φ :
, where
We will infer properties of K from results on Φ(K). To do this, we extend the product defined on K to R n through Φ: for x = (x i ) 1 i n and y = (y i ) 1 i n , we put x · y = (z i ) 1 i n where
We introduce H = K ⊗ Q R, which we identify with R n equipped with the product previously defined. We can extend the norm to H by setting
. We see that for any x, y ∈ H, N (x · y) = N (x)N (y) and that for any
With these notations, we write for any x ∈ H, m K,I (x) := inf Z∈Φ(I) 
Computation of the local Euclidean minimum
but this property is not enough to compute m K,I (x) in practice. However, we may compute it exactly as in the classical Euclidean case (see [4] ) and we may compute a function k −→ Γ(k) which depends on the number field K such that we have the following statement.
With this result, we can compute the local Euclidean minimum, for any given z ∈ Φ(K). Let us set
Proposition 2.12. Let x ∈ Φ(K) and k > 0. Then Orb (x) is finite and for any z ∈ Orb (x), hal-00634643, version 2 -24 Jan 2012
Properties

Link between Euclidean and inhomogeneous minima
As for the classical Euclidean minimum, we have the following result, which is a direct generalisation of [3] . Theorem 3.1. Let K be a number field such that r > 1 and J be an ideal. Then there exists
Corollary 3.2. Let K be a number field such that r > 1 and I an ideal of minimal norm of K. Then K admits a norm-Euclidean ideal class if and only if
With this result, we can write a slight extension of Proposition 2.8. 
Lower bound for the Euclidean minimum
Even though this easy bound seems quite bad, it may be used in some cases to conclude quickly that a number field admits no norm-Euclidean ideal class. 
Upper bounds
We know upper bounds for M (K) expressed with the discriminant of K in the cases r 1 = 2, r 2 = 0 (the best one is given by [8] ) and r 1 = r 2 = 1 ( [2] ) and r 1 = 0, r 2 = 2 ([2], corrected by [13] ).
Such bounds are proved with quadratic and cubic forms and still hold for norm-Euclidean ideal classes (this was already noted by [13] ). Theorem 3.6 (Ennola, Cassels, van der Linden). Let K be a number field with an normEuclidean ideal class such that r = 1.
• if r 1 = 2, r 2 = 0, then disc K 945,
hal-00634643, version 2 -24 Jan 2012 Table 1 : Non-principal complex cubic number fields with a norm-Euclidean ideal class up to discriminant −3299.
Algorithm
We can modify the algorithm described in [12] to compute the minimum M (K, [I]) of a given number field. Generally speaking, we replace Z K with any ideal I of minimal norm. In practice, we know a Z-basis of the ideal I denoted by (z i ) 1 i n and, instead of M, we use
where for any 1 i, j n, In practice, this algorithm is almost always successful, its execution may even be shorter if we only want to know if M (K, [I]) < 1.
Already known examples
In degrees n 3, few examples of number fields with a norm-Euclidean ideal class were known if h K > 1. An example in signature (1, 1) was found by van der Linden ( [13] , it is the number field of discriminant −283 in Table 1 ), an example in signature (0, 2) was originally given by Lenstra ([11] , number field of discriminant 1521 in Table 5 ). Lemmermeyer gave another example in signature (1, 1) (number field of discriminant −331 in Table 1 ).
Complex cubic number fields and pure cubic number fields
We consider an ideal I of minimal norm and compute M (K, [I]) with the algorithm described in section 3.4. We present in Table 1 the examples found of non-principal Euclidean number fields which admit an ideal class. These are the only ones such that |disc K | < 3299. We know that these number fields have a class number h K 4 (see [11] or [13] for details), however, no example with class number equal to 4 was found.
We can use several criteria given in [13] to restrict the possibilities of Euclidean ideal classes. However, as in the case of the (classical) norm-Euclideanity, we cannot prove yet that these examples are the only ones.
In the remainder or this section, we will restrict ourselves to pure cubic number fields.
Notations and result
Let n > 1 be an integer, which we may assume cubefree. We consider K = Q( We suppose that K is such a field, then 1 h K 4. As the case h K = 1 was solved in [5] , let us suppose that 2 h K 4. The remainder of this section will be devoted to the proof of Theorem 4.1.
General properties of a pure cubic number field
We will describe several properties of a pure cubic number fields, our purpose is to restrict as much as possible the list of possible values of n such that Q ( 3 √ n) admits a norm-Euclidean ideal class.
Ring of integers, ramification and ideals of minimal norm
As we assume that n is cubefree, we can write n = ab n. The following statement provides information on the integers and some ideals of K. These result are well-known, pure cubic number fields were studied by Dedekind.
Lemma 4.2. With the previous notations, we can describe the ring of integers of K:
Besides, the primes are ramified in K as follows.
• Let p be a prime factor of n, p = 3, then p is totally ramified in K.
(mod 9) and 9|n, then 3 is totally ramified in K.
• If 2 |n, then 2 splits into two distinct factors.
Consequently, in any case, there exists an ideal of norm 2 in K and Λ(K) = 2.
Proof. All these statements are proved in section 6.4 of [6] , where the author gives the explicit expression of ideals of norm 2.
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Class number
Firstly, genus theory gives us the following property.
Lemma 4.3 ([1], Theorem 4.1). Let t be the number of totally ramified primes in
The fact that K admits a norm-Euclidean ideal class provides the class number number with another condition.
Proposition 4.4. If
K = Q ( 3 √ n) admits a norm-Euclidean ideal class, then h K 4.
Besides, if 2|n and K admits a non-principal norm-Euclidean ideal class, then h
Proof. Thanks to Lemma 4.2, we know that 2 is either totally ramified in K, or splits into two distinct factors.
If 2 is totally ramified in K (that happens exactly when 2 divides n), then 2Z K = I 
Remark 4.5. Any cubic number field equipped with a norm-Euclidean ideal class satisfies h K 4, to see this, the other cases when 2 splits into three factors or is inert are proved similarly.
Corollary 4.6. If
K = Q ( 3 √ n
) admits a norm-Euclidean ideal class, then n has at most 3 prime factors.
Proof. Thanks to Lemma 4.3, we know that n admits at most 4 prime factors and may admit 4 prime factors if and only if 3 is one of them. Let us assume that n has exactly four prime factors (including 3). As 3|n = ab
= 1190700 170520, and K admits no normEuclidean ideal class.
List of candidates
The purpose of this paragraph is to establish a finite list of candidates for pure cubic number fields with a non-principal norm-Euclidean class. 
Proposition 4.7. If pure cubic field K admits a non-principal norm-Euclidean ideal class, then
K = Q ( 3 √ n)
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If n admits exactly two prime factors α < β, then α < 4 170520 3
, so α 13.
• If α = 13, then β 17, so β = 17. But 13 ≡ 4 (mod 9) and 17 ≡ −1 (mod 9), consequently we cannot have a 2 ≡ b 2 (mod 9), thus −disc K = 27 · 13 2 · 17 2 > 170520.
• If α = 11, then β 19. As in the previous subcase, we can exclude β = 17 and β = 19 with congruences modulo 9. Besides, 11 ≡ 2 (mod 9) and 13 ≡ 4 (mod 9), so we can only have a norm-Euclidean ideal class if n = 11 · 13 = 143.
• If α = 7, then β 31. There are three possible values 77, 539 and 161.
• If n admits three prime factors α < β < γ, then α < 6 170520 3
and α 5.
• If α = 5, then we can easily obtain that 5 = α < β < 4 170520 3·5 2 and there is no such prime.
, and 3 = α < β < 4 170520 27·3 2 , consequently, β = 5. Then 5 = β < γ < 170520 27·3 2 ·5 2 , there is no such integer.
• If α = 2, then we find similarly β 7.
-If β = 7, then γ 17 and there are three possibilities 154, 1666 and 476. This completes the proof.
Consequently, to establish Theorem 4.1, we will prove that none of these fields admits a norm-Euclidean ideal class.
Crucial tool
In the remainder of the proof, we will use the following tool. 
First remarks and computations
Principal ideals of norm 2
First, we can discard the number fields for which an ideal of minimal norm 2 is principal, this occurs for n ∈ {31, 34, 60, 62, 68, 109, 118, 127, 172}. Indeed, if they admitted an Euclidean ideal class, then the class of this ideal would generate the class group (thanks to Proposition 2.4). This is impossible, since the class group is not trivial.
Application of Algorithm 3.7
We may then compute some of the values of M (K, [I]). In practice, this is only possible when the fundamental unit of K is "not too big". Table 2 are greater than 1, consequently, we can discard all these values of n.
Proposition 4.9. All the values computed in
Consequences of total ramification
The fact that the prime factors of n (except sometimes for 3) are totally ramified in K has some very interesting consequences. We will distinguish the properties according to the principality of the ideals above the product of primes chosen.
Principal case Lemma 4.10. Let f be a product of different prime numbers totally ramified in K, we write
A very similar property is stated by Egami in [7] , he attributes this argument to Lenstra.
Proof. Let L be the Galois closure of K/Q. Let us write
In practice, we know that some elements are norms, we will use this fact.
Lemma 4.11. Let p be a prime such that p ≡ 1 (mod 3), then for any x ∈ Z/pZ, there exists α ∈ Z/pZ such that x = α 3 .
Proof. For p = 3, we can take α = x, for other values of p, let us write p = 3k + 2, for some integer k, then we can take
We assume that f is principal. If 0 < e < f is an integer such that neither e − 2f , nor e − f , nor e, nor e + f are norms of elements of
Proof. Thanks to Lemma 4.11 and Chinese Remainder Theorem, we know that there exists some integer α such that e ≡ α
But α − δγ ≡ α (mod f), so, thanks to Lemma 4.10,
Remark 4.13. The hypothesis "p i ≡ 1 (mod 3)" is only used to find an element Table 3 , (a). This proves Proposition 4.14 except in the cases 74, 190 and 206. For these values, let us write x a root of X 3 − n in K. For 74, we can take f = 74 = 2 · 37. We have 37 ≡ 1 (mod 3), but we can take into account Remark 4.13 with e = 31 to conclude that The previous result only applies when the ideal above a product of totally ramified primes is principal. We can establish a similar result in another case. 
Therefore, N K/Q (a − bu) ∈ e + lZ. We exclude some of these possibilities because they are not norms of integers of K and denote by N the smallest (in absolute value) such possible norm. Consequently,
, this proves that K admits no norm-Euclidean ideal class.
For instance, for n = 78, we write x = 3 √ n. Then, let us consider a = x and b = 3. We know that I = 2Z + Zx + Zx 2 is the ideal of norm 2 of Z K . For any α, β, γ ∈ Z, we can compute
Consequently, for any u ∈ I,
or with the previous notations, l = 54 and e = 24. Neither 24, nor −30 are norms of elements of Z K , therefore N = 78 54 = 2 N K/Q (b) . We list corresponding elements a, b, l, e and N in Table 4 .
Other examples
Totally complex quartic number fields
With Algorithm 3.7, we can list 26 examples of non-principal number fields with a normEuclidean ideal class in Table 5 . The first one, of discriminant 1521, was already given by Lenstra in [11] . The best bound known for a quartic number field with a norm-Euclidean ideal class is h K 6, but all the examples listed here are such that h K = 2. 
Other signatures
With Algorithm 3.7, we can find many new examples of number fields with a non-principal norm-Euclidean ideal class. In particular, we found examples with the following properties. In Table 6 , we list some of them, according to their signature and class number. For a given signature, the non-principal number field of smallest discriminant may have no norm-Euclidean ideal class. For instance, the number field of discriminant 1957 and of signature (3, 0) admits no norm-Euclidean ideal class. In fact, we have M (K, [I]) = 1, where I is the ideal of norm 2 of Z K .
Graves's example
Lenstra introduced Euclidean ideal classes without restricting himself to the norm. Obviously, if R is the ring of integers of a number field K and ψ is the norm of ideals, this is equivalent to Definition 2.1.
